Position:
The Simple Pendulum 
Turning points
We have turning points in the motion when
Hence,
For a simple harmonic oscillator with Hamiltonian
Complexifying the Simple pendulum Gravity:
Turning points:
There is a branch cut between turning points
Paths have the same period:
Background -p. 5/2
A periodic potential
Case 1: −1 ≤ E ≤ 1 (Swinging pendulum) Hamiltonian:
Gravity:
Exmaples -p. 6/2
Example: Real Gravitational Field
Case 2: |E| ≥ 1 (Rotating pendulum)
Hamiltonian:
Energy:
Time to follow the purple path . . .
Example: Real Gravitational Field
Case 3: E ≤ −1 (Unphysical pendulum)
Example: Imaginary Gravitational Field
Case 1: E = sinh 1
Exmaples -p. 10/2
Example: Imaginary Gravitational Field
Case 2: E = − sinh 1
Turning points: Other dynamical systems -p. 16/2
Euler Equations
Intersections of the level surfaces give us the orbits: Other dynamical systems -p. 18/2
Lotka-Volterra equations
Another PT-Symmetric system -this time under:
constant of motion
Fox/ rabbit interchange, and time reversal. Where next?
spherical pendulum, the spinning top other discrete dynamical systems -SIR models etc.
classification of chaotic systems using PT Symmetry (see for example, the Kicked Rotor).
